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Abstract
We suggest an infinite-dimensional extension of the gauge transformations which includes
non-Abelian tensor gauge fields. Extended gauge transformations of non-Abelian tensor
gauge fields form a new large group which has natural geometrical interpretation it terms
of extended current algebra associated with compact Lie group. We shall demonstrate that
one can construct two infinite series of gauge invariant quadratic forms, so that a linear
combination of them comprises the general Lagrangian. The general Lagrangian exhibits
enhanced local gauge invariants with double number of gauge parameters and allows to
eliminate all negative norm states of the nonsymmetric second-rank tensor gauge field.
Therefore it describes two polarizations of helicity-two and helicity-zero massless charged
tensor gauge bosons.
1 Introduction
The non-Abelian local gauge invariance, which was formulated by Yang and Mills in [1],
requires that all interactions must be invariant under independent rotations of internal
charges at all space-time points. The gauge principle allows very little arbitrariness: the
interaction of matter fields which carry non-commuting internal charges and the nonlinear
self-interaction of gauge bosons are essentially fixed by the requirement of local gauge
invariance, very similar to the self-interaction of gravitons in general relativity.
It is therefore appealing to extend the gauge principle, which was elevated by Yang
and Mills to a powerful constructive principle, so that it will define the interaction of
matter fields which carry not only non-commutative internal charges, but also arbitrary
large spins. It seems that this will naturally lead to a theory in which fundamental forces
will be mediated by integer-spin gauge quanta and that the Yang-Mills vector gauge boson
will become a member of a bigger family of tensor gauge bosons.
In the previous papers [2, 3] we extended the gauge principle so that it enlarges
the original algebra of the Abelian local gauge transformations found in [4, 5, 6] to a
non-Abelian case. The extended non-Abelian gauge transformations of the tensor gauge
fields form a new large group which has a natural geometrical interpretation in terms
of extended current algebra associated with the Lorentz group. On this large group one
can define field strength tensors, which are transforming homogeneously with respect to
the extended gauge transformations. The invariant Lagrangian is quadratic in the field
strength tensors and describes interaction of tensor gauge fields of arbitrary large integer
spin 1, 2, ....
We shall present a second invariant Lagrangian which can be constructed in terms of
the above field strength tensors. The total Lagrangian is a sum of the two Lagrangians and
exhibits enhanced local gauge invariance with double number of gauge parameters. This
allows to eliminate all negative norm states of the nonsymmetric second rank tensor gauge
field Aµλ, which describes therefore two polarizations of helicity-two massless charged
tensor gauge boson and of the helicity-zero ”axion”.
The early investigation of higher-spin representations of the Poincare´ algebra and of
the corresponding field equations is due to Majorana, Dirac and Wigner [7, 8, 10]. The
theory of massive particles of higher spin was further developed by Fierz and Pauli [9]
and Rarita and Schwinger [11]. The Lagrangian and S-matrix formulations of free field
theory of massive and massless fields with higher spin have been completely constructed
in [12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. The problem of introducing interaction appears
to be much more complex [22, 23, 24, 25, 26, 27, 33, 34] and met enormous difficulties for
spin fields higher than two [28, 29, 30, 31, 32]. The first positive result in this direction
was the light-front construction of the cubic interaction term for the massless field of
helicity ±λ in [35, 36].
In our approach the gauge fields are defined as rank-(s+ 1) tensors [2, 3]
Aaµλ1...λs(x), s = 0, 1, 2, ...
and are totally symmetric with respect to the indices λ1...λs. A priory the tensor gauge
fields have no symmetries with respect to the first index µ. The index a numerates the
generators La of the Lie algebra g˘ of a compact1 Lie group G. One can think of these
1The algebra g˘ possesses an orthogonal basis in which the structure constant fabc are totally
antisymmetric.
2
tensor gauge fields as appearing in the expansion of the extended gauge field Aµ(x, e)
over the coordinates eλ of the tangent space [2, 3, 5]:
Aµ(x, e) =
∞∑
s=0
1
s!
Aaµλ1...λs(x) L
aeλ1 ...eλs . (1)
In this sense the gauge field Aaµλ1...λs carries extra indices λ1, ..., λs, which together with
index a are labeling the generators Laλ1...λs of extended current algebra G associated with
the Lorentz group. The corresponding algebra has infinite many generators Laλ1...λs =
Laeλ1 ...eλs and is given by the commutator
[Laλ1...λs, L
b
ρ1...ρk
] = ifabcLcλ1...λsρ1...ρk . (2)
The extended non-Abelian gauge transformations of the tensor gauge fields are defined
by the following equations [2, 3]:
δAaµ = (δ
ab∂µ + gf
acbAcµ)ξ
b, (3)
(I) δAaµν = (δ
ab∂µ + gf
acbAcµ)ξ
b
ν + gf
acbAcµνξ
b,
δAaµνλ = (δ
ab∂µ + gf
acbAcµ)ξ
b
νλ + gf
acb(Acµνξ
b
λ + A
c
µλξ
b
ν + A
c
µνλξ
b),
......... . ............................
or in a general form by the formula
δAaµλ1...λs = (δ
ab∂µ + gf
acbAcµ)ξ
b
λ1λ2...λs
+ gfacb
s∑
i=1
∑
P ′s
Acµλ1...λiξ
b
λi+1...λs
, (4)
where the infinitesimal gauge parameters ξbλ1...λs are totally symmetric rank-s tensors.
The summation
∑
P ′s is over all permutations of two sets of indices λ1...λi and λi+1...λs
which correspond to nonequal terms. It is obvious that this transformation preserves the
symmetry properties of the tensor gauge field Aaµλ1...λs. Indeed, the first term in the r.h.s.
is a covariant derivative of the totally symmetric rank-s tensor ∇abµ ξbλ1λ2...λs and every term∑
P ′sA
c
µλ1...λi
ξbλi+1...λs in the second sum is totally symmetric with respect to the indices
λ1λ2...λs by construction. The matrix form of the transformation is
δξAµλ1...λs = ∂µξλ1λ2...λs − ig[Aµ, ξλ1λ2...λs]− ig
s∑
i=1
∑
P ′s
[Aµλ1...λi, ξλi+1...λs], (5)
where the tensor gauge fields are Aabµλ1...λs = (Lc)
abAcµλ1...λs = if
acbAcµλ1...λs, and L
a are the
generators of the compact Lie group G in the adjoint representation.
These extended gauge transformations generate a closed algebraic structure. To see
that, one should compute the commutator of two extended gauge transformations δη and
δξ of parameters η and ξ. The commutator of two transformations can be expressed in
the form [2, 3]
[ δη, δξ] Aµλ1λ2...λs = − ig δζAµλ1λ2...λs (6)
and is again an extended gauge transformation with the gauge parameters {ζ} which are
given by the matrix commutators
ζ = [η, ξ] (7)
ζλ1 = [η, ξλ1] + [ηλ1 , ξ]
ζνλ = [η, ξνλ] + [ην , ξλ] + [ηλ, ξν ] + [ηνλ, ξ],
...... . ..........................
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The generalized field strengths are defined as [2, 3]
Gaµν = ∂µA
a
ν − ∂νAaµ + gfabc Abµ Acν , (8)
Gaµν,λ = ∂µA
a
νλ − ∂νAaµλ + gfabc( Abµ Acνλ + Abµλ Acν ),
Gaµν,λρ = ∂µA
a
νλρ − ∂νAaµλρ + gfabc( Abµ Acνλρ + Abµλ Acνρ + Abµρ Acνλ + Abµλρ Acν ),
...... . ............................................
and transform homogeneously with respect to the extended gauge transformations (3).
The field strength tensors are antisymmetric in their first two indices and are totaly
symmetric with respect to the rest of the indices. By induction the entire construction
can be generalized to include tensor fields of any rank s, and the corresponding field
strength we shall define by the following expression:
Gaµν,λ1...λs = ∂µA
a
νλ1...λs
− ∂νAaµλ1...λs + gfabc
s∑
i=0
∑
P ′s
Abµλ1...λi A
c
νλi+1...λs
, (9)
where the sum
∑
P ′s runs over all permutations of two sets of indices λ1...λi and λi+1...λs
which correspond to nonequal terms. All permutations of indices within two sets λ1...λi
and λi+1...λs correspond to equal terms, because gauge fields are totally symmetric with
respect to λ1...λi and λi+1...λs. Therefore there are
s!
i!(s− i)!
nonequal terms in the sum
∑
P ′s. Thus in the sum
∑
P ′s there is one term of the form
AµAνλ1λ2...λs, there are s terms of the form Aµλ1Aνλ2...λs and s(s− 1)/2 terms of the form
Aµλ1λ2 Aνλ3...λs and so on. In the above definition of the extended gauge field strength
Gaµν,λ1...λs, together with the classical Yang-Mills gauge boson A
a
µ, there participate a
set of higher-rank gauge fields Aaµλ1 , A
a
µλ1,λ2
, ... , Aaµλ1...λs up to the rank s + 1. By
construction the field strength (9) is antisymmetric with respect to its first two indices
Gaµν,λ1...λs = − Gaνµ,λ1...λs and is totally symmetric with respect to the rest of the indices
Gaµν,..λi...λj.. = G
a
µν,..λj ...λi..
, where 1 ≤ i < j ≤ s.
The inhomogeneous extended gauge transformation (4) induces the homogeneous
gauge transformation of the corresponding field strength (9) of the form [2, 3]
δGaµν = gf
abcGbµνξ
c (10)
δGaµν,λ = gf
abc( Gbµν,λξ
c +Gbµνξ
c
λ ),
δGaµν,λρ = gf
abc( Gbµν,λρξ
c +Gbµν,λξ
c
ρ +G
b
µν,ρξ
c
λ +G
b
µνξ
c
λρ )
...... . ..........................,
or in general
δGaµν,λ1...λs = gf
abc
s∑
i=0
∑
P ′s
Gbµν,λ1...λiξ
c
λi+1...λs
. (11)
The symmetry properties of the field strength Gaµν,λ1...λs remain invariant in the course of
this transformation.
4
The gauge invariant Lagrangian now can be formulated in the form [2, 3]
Ls+1 = −1
4
Gaµν,λ1...λs G
a
µν,λ1...λs
+ .......
= −1
4
2s∑
i=0
asi G
a
µν,λ1...λi
Gaµν,λi+1...λ2s(
∑
p′s
ηλi1λi2 .......ηλi2s−1λi2s ) , (12)
where the sum
∑
p runs over all nonequal permutations of i
′s, in total (2s − 1)!! terms.
For the low values of s = 0, 1, 2, ... the numerical coefficients and eta functions are
asi =
s!
i!(2s− i)!
a00 = 1; a
1
1 = 1, a
1
0 = a
1
2 = 1/2; a
2
2 = 1/2, a
2
1 = a
2
3 = 1/3, a
2
0 = a
2
4 = 1/12 and
ηλ1λ2 , ηλ1λ2ηλ3λ4 + ηλ1λ3ηλ2λ4 + ηλ1λ4ηλ2λ3, ... and so on. In order to describe fixed rank-
(s + 1) gauge field one should have at disposal all gauge fields up to the rank 2s+ 1. In
order to make all tensor gauge fields dynamical one should add the corresponding kinetic
terms. Thus the invariant Lagrangian describing dynamical tensor gauge bosons of all
ranks has the form
L =
∞∑
s=1
gsLs . (13)
The first three terms of the invariant Lagrangian have the following form [2, 3]:
L = L1 + L2 + L3 + ... = −1
4
GaµνG
a
µν −
1
4
Gaµν,λG
a
µν,λ −
1
4
GaµνG
a
µν,λλ −
−1
4
Gaµν,λρG
a
µν,λρ −
1
8
Gaµν,λλG
a
µν,ρρ −
1
2
Gaµν,λG
a
µν,λρρ −
1
8
GaµνG
a
µν,λλρρ + .., (14)
where the first term is the Yang-Mills Lagrangian and the second and the third ones
describe the tensor gauge fields Aaµν , A
a
µνλ and so on. It is important that: i) the Lagrangian
does not contain higher derivatives of tensor gauge fields ii) all interactions take place
through the three- and four-particle exchanges with dimensionless coupling constant iii)
the complete Lagrangian contains all higher-rank tensor gauge fields and should not be
truncated.
2 Geometrical Interpretation
Let us consider a possible geometrical interpretation of the above construction. Intro-
ducing the coordinates eµ on the tangent space we shall consider non-Abelian gauge
transformations U(ξ) with the extended gauge parameter ξ(x, e) which depends on the
space-time coordinates xµ and the tangent coordinates eλ. We can expand the gauge
parameter ξ(x, e) in series using generators Laλ1...λs = L
aeλ1 ...eλs [2, 3, 5]
ξ(x, e) =
∞∑
s=0
1
s!
ξaλ1...λs(x) L
aeλ1 ...eλs (15)
and define the gauge transformation of the extended gauge field Aµ(x, e) as in (3)
A′µ(x, e) = U(ξ)Aµ(x, e)U−1(ξ)−
i
g
∂µU(ξ) U
−1(ξ), (16)
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where the unitary transformation matrix is given by the expression
U(ξ) = exp{igξ(x, e)}.
This allows to construct the extended field strength tensor of the form (8)
Gµν(x, e) = ∂µAν(x, e)− ∂νAµ(x, e)− ig[Aµ(x, e) Aν(x, e)] (17)
using the commutator of the covariant derivatives
∇abµ = (∂µ − igAµ(x, e))ab
of a standard form [∇µ,∇ν ]ab = gfacbGcµν , so that
G ′µν(x, e)) = U(ξ)Gµν(x, e)U−1(ξ). (18)
The invariant Lagrangian density is given by the expression
L(x, e) = −1
4
Gaµν(x, e)Gaµν(x, e), (19)
as one can get convinced computing its variation with respect to the extended gauge
transformation (3),(16) and (10),(18)
δL(x, e) = −1
2
Gaµν(x, e) gfacb Gcµν(x, e) ξb(x, e) = 0.
The Lagrangian density (19) allows to extract gauge invariant, totally symmetric, tensor
densities Lλ1...λs(x) using expansion with respect to the vector variable eλ
L(x, e) =
∞∑
s=0
1
s!
Lλ1...λs(x) eλ1 ...eλs . (20)
In particular the expansion term which is quadratic in powers of e is
(L2)λρ = −1
4
Gaµν,λG
a
µν,ρ −
1
4
GaµνG
a
µν,λρ (21)
and defines a unique gauge invariant Lagrangian which can be constructed from the above
tensor (see the next section for it explicit variation (26)), that is the Lagrangian L2
L2 = −1
4
Gaµν,λG
a
µν,λ −
1
4
GaµνG
a
µν,λλ
and so on.
The whole construction can be viewed as an extended vector bundle X on which
the gauge field Aaµ(x, e) is a connection. In this sense the gauge field Aaµλ1...λs carries
extra indices λ1, ..., λs, which together with index a are labeling the generators L
a
λ1...λs
of
extended current algebra G associated with the Lorentz group. The corresponding algebra
has infinite many generators Laλ1...λs = L
aeλ1 ...eλs and is given by the commutator
[Laλ1...λs, L
b
ρ1...ρk
] = ifabcLcλ1...λsρ1...ρk . (22)
Thus we have vector bundle whose structure group is an extended gauge group G with
group elements U(ξ) = exp(iξ(e)), where ξ(e) =
∑
s ξ
a
λ1...λs
Laeλ1 ...eλs and the compo-
sition law (7). In contrast, in Kac-Moody current algebra the generators depend on the
complex variable Lan = L
azn (see also [58])
[Lan, L
b
m] = if
abcLcn+m.
In the next section we shall see that, there exist a second invariant Lagrangian L′
which can be constructed in terms of extended field strength tensors (8) and the total
Lagrangian is a linear sum of the two Lagrangians c L+ c′ L′.
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3 Enhanced Local Gauge Symmetry
Indeed the Lagrangian (12), (13) and (14) is not the most general Lagrangian which can be
constructed in terms of the above field strength tensors (8) and (9). As we shall see there
exists a second invariant Lagrangian L′ (23), (24) and (25) which can be constructed in
terms of extended field strength tensors (8) and the total Lagrangian is a linear sum of the
two Lagrangians c L+ c′ L′ . In particular for the second-rank tensor gauge field Aaµλ the
total Lagrangian is a sum of two Lagrangians L2+L′2 and, with specially chosen coefficients
{c, c′}, it exhibits an enhanced gauge invariance (31),(62) with double number of gauge
parameters, which allows to eliminate negative norm polarizations of the nonsymmetric
second-rank tensor gauge field Aµλ. The geometrical interpretation of the enhanced gauge
symmetry with double number of gauge parameters is not yet known.
Let us consider the gauge invariant tensor density of the form
L′ρ1ρ2(x, e) =
1
4
Gaµρ1(x, e)Gaµρ1(x, e). (23)
It is gauge invariant because its variation is also equal to zero
δL′ρ1ρ2(x, e) =
1
4
gfacb Gcµρ1(x, e) ξb(x, e)Gaµρ2(x, e)+
1
4
Gaµρ1(x, e) gfacb Gcµρ2(x, e) ξb(x, e) = 0.
The Lagrangian density (23) generate the second series of gauge invariant tensor densities
(L′ρ1ρ2)λ1...λs(x) when we expand it in powers of the vector variable e
L′ρ1ρ2(x, e) =
∞∑
s=0
1
s!
(L′ρ1ρ2)λ1...λs(x) eλ1 ...eλs . (24)
Using contraction of these tensor densities the gauge invariant Lagrangians can be formu-
lated in the form
L′s+1 =
1
4
Gaµλ1,λ2...λs+1 G
a
µλ2,λ1...λs+1
+
1
4
Gaµν,νλ3...λs+1 G
a
µρ,ρλ3...λs+1
+ .......
=
1
4
2s+1∑
i=1
asi−1
s
Gaµλ1,λ2...λi G
a
µλi+1,λi+2...λ2s+2
(
′∑
p′s
ηλi1λi2 .......ηλi2s+1λi2s+2 ) , (25)
where the sum
∑′
p runs over all nonequal permutations of i
′s, with exclusion of the terms
which contain ηλ1,λi+1.
It is important to consider these Lagrangians in details. The invariance of the La-
grangian
L2 = −1
4
Gaµν,λG
a
µν,λ −
1
4
GaµνG
a
µν,λλ
in (12), (13) and (14) was demonstrated in [3] by calculating its variation with respect to
the gauge transformation (3) and (10), (11). Indeed, its variation is equal to zero
δL2 = − 1
4
Gaµν,λgf
abc(Gbµν,λξ
c +Gbµνξ
c
λ)−
1
4
gfabc(Gaµν,λξ
c +Gbµνξ
c
λ)G
b
µν,λ
− 1
4
gfabcGbµνξ
cGaµν,λλ
− 1
4
Gaµνgf
abc(Gbµν,λλξ
c +Gbµν,λξ
c
λ +G
b
µν,λξ
c
λ +G
b
µνξ
c
λλ) = 0. (26)
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As we have seen the Lagrangian L (13) is not a unique one and that there exist a second
series of invariants L′ (25). Let us construct few of them directly, without reference to
any expansion. Indeed, there are three Lorentz invariants in our disposal
Gaµν,λG
a
µλ,ν , G
a
µν,νG
a
µλ,λ, G
a
µνG
a
µλ,νλ.
Calculating the variation of each of these terms with respect to the gauge transformation
(3) and (10) one can get convinced that a particular linear combination
L′2 =
1
4
Gaµν,λG
a
µλ,ν +
1
4
Gaµν,νG
a
µλ,λ +
1
2
GaµνG
a
µλ,νλ (27)
forms an invariant form which coincides with (25) for s=1. The variation of the Lagrangian
L′2 under the gauge transformation (10) is equal to zero:
δL′2 = +
1
4
Gaµν,λgf
abc(Gbµλ,νξ
c +Gbµλξ
c
ν) +
1
4
gfabc(Gbµν,λξ
c +Gbµνξ
c
λ)G
a
µλ,ν
+
1
2
Gaµν,νgf
abc(Gbµλ,λξ
c +Gbµλξ
c
λ)
+
1
2
gfabcGbµνξ
cGaµλ,νλ
+
1
2
Gaµνgf
abc(Gbµλ,νλξ
c +Gbµλ,νξ
c
λ +G
b
µλ,λξ
c
ν +G
b
µλξ
c
νλ) = 0.
As a result we have two invariant Lagrangians L2 and L′2 and the general Lagrangian is a
linear combination of these two Lagrangians L2 + cL′2, where c is an arbitrary constant.
Our aim now is to demonstrate that if c = 1 then we shall have enhanced local gauge
invariance (31),(62) of the Lagrangian L2 +L′2 with double number of gauge parameters.
This allows to eliminate all negative norm states of the nonsymmetric second-rank tensor
gauge field Aaµλ, which describes therefore two polarizations of helicity-two and helicity-
zero massless charged tensor gauge bosons.
Indeed, let us consider the situation at the linearized level when the gauge coupling
constant g is equal to zero. The free part of the L2 Lagrangian is
Lfree2 =
1
2
Aaαα´(ηαγηα´γ´∂
2 − ηα´γ´∂α∂γ)Aaγγ´ =
1
2
Aaαα´Hαα´γγ´A
a
γγ´ ,
where the quadratic form in the momentum representation has the form
Hαα´γγ´(k) = −(k2ηαγ − kαkγ)ηα´γ´ = −Hαγ(k)ηα´γ´,
is obviously invariant with respect to the gauge transformation δAaµλ = ∂µξ
a
λ, but it is not
invariant with respect to the alternative gauge transformations δAaµλ = ∂λη
a
µ. This can
be seen, for example, from the following relations in the momentum representation:
kαHαα´γγ´(k) = 0, kα´Hαα´γγ´(k) = −(k2ηαγ − kαkγ)kγ´ 6= 0. (28)
Let us consider now the free part of the second Lagrangian
L′free2 =
1
4
Aaαα´(−ηαγ´ηα´γ∂2 − ηαα´ηγγ´∂2 + ηαγ´∂α´∂γ + ηα´γ∂α∂γ´ + ηαα´∂γ∂γ´ +
+ηγγ´∂α∂α´ − 2ηαγ∂α´∂γ´)Aaγγ´ =
1
2
Aaαα´H
′
αα´γγ´A
a
γγ´ , (29)
8
where
H
′
αα´γγ´(k) =
1
2
(ηαγ´ηα´γ+ηαα´ηγγ´)k
2− 1
2
(ηαγ´kα´kγ+ηα´γkαkγ´+ηαα´kγkγ´+ηγγ´kαkα´−2ηαγkα´kγ´).
It is again invariant with respect to the gauge transformation δAaµλ = ∂µξ
a
λ, but it is not
invariant with respect to the gauge transformations δAaµλ = ∂λη
a
µ as one can see from
analogous relations
kαH
′
αα´γγ´(k) = 0, kα´H
′
αα´γγ´(k) = (k
2ηαγ − kαkγ)kγ´ 6= 0. (30)
As it is obvious from (28) and (30), the total Lagrangian Lfree2 + L
′free
2 now poses new
enhanced invariance with respect to the larger, eight parameter, gauge transformations
δAaµλ = ∂µξ
a
λ + ∂λη
a
µ + ..., (31)
where ξaλ and η
a
µ are eight arbitrary functions, because
kα(Hαα´γγ´ +H
′
αα´γγ´) = 0, kα´(Hαα´γγ´ +H
′
αα´γγ´) = 0. (32)
Thus our free part of the Lagrangian is
Ltot free2 = −
1
2
∂µA
a
νλ∂µA
a
νλ +
1
2
∂µA
a
νλ∂νA
a
µλ +
+
1
4
∂µA
a
νλ∂µA
a
λν −
1
4
∂µA
a
νλ∂λA
a
µν −
1
4
∂νA
a
µλ∂µA
a
λν +
1
4
∂νA
a
µλ∂λA
a
µν
+
1
4
∂µA
a
νν∂µA
a
λλ −
1
2
∂µA
a
νν∂λA
a
µλ +
1
4
∂νA
a
µν∂λA
a
µλ (33)
or, in equivalent form, it is
Ltot free2 =
1
2
Aaαα´{(ηαγηα´γ´ −
1
2
ηαγ´ηα´γ − 1
2
ηαα´ηγγ´)∂
2 − ηα´γ´∂α∂γ − ηαγ∂α´∂γ´ +
+
1
2
(ηαγ´∂α´∂γ + ηα´γ∂α∂γ´ + ηαα´∂γ∂γ´ + ηγγ´∂α∂α´)}Aaγγ´ (34)
and is invariant with respect to the larger gauge transformations δAaµλ = ∂µξ
a
λ + ∂λη
a
µ,
where ξaλ and η
a
µ are eight arbitrary functions. In the momentum representation the
quadratic form is
H totαα´γγ´(k) = (−ηαγηα´γ´ +
1
2
ηαγ´ηα´γ +
1
2
ηαα´ηγγ´)k
2 + ηαγkα´kγ´ + ηα´γ´kαkγ
−1
2
(ηαγ´kα´kγ + ηα´γkαkγ´ + ηαα´kγkγ´ + ηγγ´kαkα´). (35)
In summary, we have the following Lagrangian for the lower-rank tensor gauge fields:
L = L1 + L2 + L′2 = −
1
4
GaµνG
a
µν (36)
− 1
4
Gaµν,λG
a
µν,λ −
1
4
GaµνG
a
µν,λλ
+
1
4
Gaµν,λG
a
µλ,ν +
1
4
Gaµν,νG
a
µλ,λ +
1
2
GaµνG
a
µλ,νλ.
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Let us consider the equations of motion which follow from this Lagrangian for the vector
gauge field Aaν :
∇abµ Gbµν +
1
2
∇abµ (Gbµν,λλ −Gbµλ,νλ −Gbλν,µλ) + gfacbAcµλGbµν,λ (37)
− 1
2
gfacb(AcµλG
b
µλ,ν + A
c
λµG
b
µν,λ + A
c
µνG
b
µλ,λ −AcλλGbµν,µ −AcµλλGbµν + AcµλνGbµλ) = 0
and for the second-rank tensor gauge field Aaνλ:
∇abµ Gbµν,λ −
1
2
(∇abµ Gbµλ,ν +∇abµ Gbλν,µ +∇abλ Gbµν,µ + ηνλ∇abµ Gbµρ,ρ)
+ gfacbAcµλG
b
µν −
1
2
gfacb(AcµνG
b
µλ + A
c
λµG
b
µν + A
c
µµG
b
λν + ηνλA
c
µρG
b
µρ) = 0. (38)
The variation of the action with respect to the third-rank gauge field Aaνλρ will give the
equations
ηλρ∇abµ Gbµν −
1
2
(ηνρ∇abµ Gbµλ + ηνλ∇abµ Gbµρ) +
1
2
(∇abρ Gbνλ +∇abλ Gbνρ) = 0. (39)
Representing these system of equations in the form
∂µF
a
µν,λ = j
a
ν
∂µF
a
µν,λ −
1
2
(∂µF
a
µλ,ν + ∂µF
a
λν,µ + ∂λF
a
µν,µ + ηνλ∂µF
a
µρ,ρ) = j
a
νλ
ηλρ∂µF
a
µν −
1
2
(ηνρ∂µF
a
µλ + ηνλ∂µF
a
µρ) +
1
2
(∂ρF
a
νλ + ∂λF
a
νρ) = j
a
νλρ, (40)
where F aµν = ∂µA
a
ν − ∂νAaµ, F aµν,λ = ∂µAaνλ − ∂νAaµλ, F aµν,λρ = ∂µAaνλρ − ∂νAaµλρ , we can
find the corresponding conserved currents
jaν = − gfabcAbµGcµν − gfabc∂µ(AbµAcν)
− 1
2
gfabcAbµ(G
c
µν,λλ −Gcµλ,νλ −Gcλν,µλ)−
1
2
∂µ(I
a
µν,λλ − Iaµλ,νλ − Iaλν,µλ)
− gfabcAbµλGcµν,λ +
1
2
gfabc(AbµλG
c
µλ,ν + A
b
λµG
c
µν,λ + A
b
µνG
c
µλ,λ −AbλλGcµν,µ)
− 1
2
gfabc(AbµλλG
c
µν − AbµλνGcµλ), (41)
where Iaµν,λρ = gf
abc( Abµ A
c
νλρ + A
b
µλ A
c
νρ + A
b
µρ A
c
νλ + A
b
µλρ A
c
ν ) and
jaνλ = − gfabcAbµGcµν,λ +
1
2
gfabc(AbµG
c
µλ,ν + A
b
µG
c
λν,µ + A
b
λG
c
µν,µ + ηνλA
b
µG
c
µρ,ρ)
− gfabcAbµλGcµν +
1
2
gfabc(AbµνG
c
µλ + A
b
λµG
c
µν + A
b
µµG
c
λν + ηνλA
b
µρG
c
µρ)
− gfabc∂µ(AbµAcνλ + AbµλAcν) +
1
2
gfabc[∂µ(A
b
µA
c
λν + A
b
µνA
c
λ) + ∂µ(A
b
λA
c
νµ + A
b
λµA
c
ν)
+ ∂λ(A
b
µA
b
νµ + A
b
µµA
c
ν) + ηνλ∂µ(A
b
µA
b
ρρ + A
b
µρA
c
ρ)], (42)
jaνλρ = − ηλρ gfabcAbµGcµν +
1
2
gfabc(ηνρA
b
µG
c
µλ + ηνλA
b
µG
c
µρ − AbρGcνλ − AbλGcνρ) (43)
− ηλρ gfabc∂µ(AbµAcν) +
1
2
gfabc[∂µ(ηνλA
b
µA
c
ρ + ηνρA
b
µA
c
λ)− ∂λ(AbνAcρ)− ∂ρ(AbνAcλ)].
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Thus
∂νj
a
ν = 0,
∂νj
a
νλ = 0, ∂λj
a
νλ = 0,
∂νj
a
νλρ = 0, ∂λj
a
νλρ = 0, ∂ρj
a
νλρ = 0, (44)
because, as we demonstrated above, the partial derivatives of the l.h.s. of the equations
(40) are equal to zero (see equations (32) and also equations (61)).
At the linearized level, when the gauge coupling constant g is equal to zero, the
equations of motion (38) for the second-rank tensor gauge fields will take the form
∂2(Aaνλ −
1
2
Aaλν)− ∂ν∂µ(Aaµλ −
1
2
Aaλµ) − ∂λ∂µ(Aaνµ −
1
2
Aaµν) + ∂ν∂λ(A
a
µµ −
1
2
Aaµµ)
+
1
2
ηνλ(∂µ∂ρA
a
µρ − ∂2Aaµµ) = 0 (45)
and, as we shall see below, they describe the propagation of massless particles of spin 2
and spin 0. First of all it is also easy to see that for the symmetric part of the tensor
gauge field (Aaνλ +A
a
λν)/2 our equation reduces to the well known Fierz-Pauli-Schwinger-
Chang-Singh-Hagen-Fronsdal equation
∂2Aνλ − ∂ν∂µAµλ − ∂λ∂µAµν + ∂ν∂λAµµ + ηνλ(∂µ∂ρAµρ − ∂2Aµµ) = 0, (46)
which describes the propagation of massless tensor boson with two physical polarizations,
the s = ±2 helicity states. For the antisymmetric part (Aaνλ−Aaλν)/2 the equation reduces
to the form
∂2Aνλ − ∂ν∂µAµλ + ∂λ∂µAµν = 0 (47)
and describes the propagation of massless scalar boson with one physical polarization, the
s = 0 helicity state.
Alternatively, we can find out propagating degrees of freedom directly equation (45)
in a particular gauge. Indeed, taking the trace of the equation (45) we shall get
∂µ∂ρA
a
µρ − ∂2Aaρρ = 0, (48)
and the equation (45) takes the form
∂2(Aaνλ −
1
2
Aaλν)− ∂ν∂µ(Aaµλ −
1
2
Aaλµ)− ∂λ∂µ(Aaνµ −
1
2
Aaµν) +
1
2
∂ν∂λA
a
µµ = 0. (49)
Using the gauge invariance (31) we can impose the Lorentz invariant supplementary con-
ditions on the second-rank gauge fields Aµλ: ∂µA
a
µλ = aλ, ∂λA
a
µλ = bµ, where aλ and bµ
are arbitrary functions, or one can suggest alternative supplementary conditions in which
the quadratic form (33), (34), (35) is diagonal:
∂µA
a
µλ −
1
2
∂λA
a
µµ = 0, ∂λA
a
µλ −
1
2
∂µA
a
λλ = 0. (50)
In this gauge the equation (49) has the form
∂2Aaνλ = 0 (51)
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and in the momentum representation Aµν(x) = eµν(k)e
ikx from equation (51) it follows
that k2 = 0 and we have massless particles.
For the symmetric part of the tensor field Aaµλ the supplementary conditions (50) are
equivalent to the harmonic gauge
∂µ(A
a
µλ + A
a
λµ)−
1
2
∂λ(A
a
µµ + A
a
µµ) = 0, (52)
and the residual gauge transformations are defined by the gauge parameters ξaλ+η
a
λ which
should satisfy the equation
∂2(ξaλ + η
a
λ) = 0. (53)
Thus imposing the harmonic gauge (52) and using the residual gauge transformations (53)
one can see that the number of propagating physical polarizations which are described
by the symmetric part of the tensor field Aaµλ are given by two helicity states s = ±2
multiplied by the dimension of the group G (a=1,...,N).
For the anisymmetric part of the tensor field Aaµλ the supplementary conditions (50)
are equivalent to the Lorentz gauge
∂µ(A
a
µλ − Aaλµ) = 0 (54)
and together with the equation of motion they describe the propagation of one physical
polarization of helicity s = 0 multiplied by the dimension of the group G (a=1,...,N).
Thus we have seen that the extended gauge symmetry (31) with eight gauge parameters
is sufficient to exclude all negative norm polarizations from the spectrum of the second-
rank nonsymmetric tensor gauge field Aµλ which describes now the propagation of three
physical modes of helicities ±2 and 0.
In the gauge (50) we shall get
Hfixαα´γγ´(k) = (ηαγηα´γ´ −
1
2
ηαγ´ηα´γ − 1
4
ηαα´ηγγ´)(−k2)
and the propagator ∆γγ´λλ´(k) defined by the equation
Hfixαα´γγ´(k)∆γγ´λλ´(k) = ηαληα´λ´ ,
will take the form
∆γγ´λλ´(k) = −
4ηγληγ´λ´ + 2ηγλ´ηγ´λ − 3ηγγ´ηλλ´
3(k2 − iε) . (55)
The corresponding residue can be represented as a sum
4ηγληγ´λ´ + 2ηγλ´ηγ´λ − 3ηγγ´ηλλ´
3
= + (ηγληγ´λ´ + ηγλ´ηγ´λ − ηγγ´ηλλ´) +
+
1
3
(ηγληγ´λ´ − ηγλ´ηγ´λ). (56)
The first term describes the s = ±2 helicity states and is represented by the symmetric
part of the polarization tensor eµλ, the second term describes s = 0 helicity state and is
represented by its antisymmetric part. Indeed, for the massless case, when kµ is aligned
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along the third axis, kµ = (k, 0, 0, k), we have two independent polarizations of the helicity-
2 particle:
e1µλ =
1√
2


0, 0, 0, 0
0, 1, 0, 0
0, 0,−1, 0
0, 0, 0, 0

 , e
2
µλ =
1√
2


0, 0, 0, 0
0, 0, 1, 0
0, 1, 0, 0
0, 0, 0, 0

 ,
(57)
with the property that e1γγ´e
1
λλ´
+ e2αα´e
2
γγ´ ≃ 12(ηγληγ´λ´ + ηγλ´ηγ´λ − ηγγ´ηλλ´). The symbol ≃
means that the equation holds up to longitudinal terms. The polarization tensor which
characterizes the third spin-zero axion state has the form
eAµλ =
1√
2


0, 0, 0, 0
0, 0, 1, 0
0,−1, 0, 0
0, 0, 0, 0

 , (58)
and eAγγ´e
A
λλ´
≃ 1
2
(ηγληγ´λ´− ηγλ´ηγ´λ). Thus the general second-rank tensor gauge field with 16
components Aµλ describes in this theory three physical propagating massless polarizations.
4 Enhanced Local Gauge Algebra
Let us consider now the symmetries of the remaining two terms in the full Lagrangian
L = L1 + L2 + L′2. They have the form
−1
4
GaµνG
a
µν,λλ +
1
2
GaµνG
a
µλ,νλ.
The part which is quadratic in fields has the form
Lfree2 =
1
2
Aaα{ + (ηαγ∂2 − ∂α∂γ)ηγ′γ′′ − ηαγ∂γ′∂γ′′
− 1
2
(ηγγ′′∂
2 − ∂γ∂γ′′ )ηαγ′ −
1
2
(ηγγ′∂
2 − ∂γ∂γ′ )ηαγ′′
+
1
2
ηγγ′′∂α∂γ′ +
1
2
ηγγ′∂α∂γ′′ }Aaγγ′γ′′
=
1
2
AaαHαγγ′γ′′A
a
γγ
′
γ
′′ , (59)
where the quadratic form in the momentum representation is
Hαγγ′γ′′ (k) = − (ηαγk2 − kαkγ)ηγ′γ′′ + ηαγkγ′kγ′′
+
1
2
(ηγγ′′k
2 − kγkγ′′ )ηαγ′ −
1
2
ηγγ′′kαkγ′
+
1
2
(ηγγ′k
2 − kγkγ′ )ηαγ′′ −
1
2
ηγγ′kαkγ′′ . (60)
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It is useful to represent it in three equivalent forms
Hαγγ′γ′′ (k) = − Hαγηγ′γ′′ +
1
2
Hγγ′′ηαγ′ +
1
2
Hγγ′ηαγ′′
+
1
2
(ηαγkγ′′ − ηγγ′′kα)kγ′
+
1
2
(ηαγkγ′ − ηγγ′kα)kγ′′
= − Hγ′γ′′ηαγ +
1
2
Hαγ′ηγγ′′ +
1
2
Hαγ′′ηγγ′
+
1
2
(ηγ′γ′′kα − ηαγ′kγ′′ )kγ
+
1
2
(ηγ′γ′′kα − ηαγ′′kγ′ )kγ
= − Hαγηγ′γ′′ +
1
2
Hαγ′ηγγ′′ +
1
2
Hαγ′′ηγγ′
+
1
2
(ηαγkγ′ − ηαγ′kγ)kγ′′
+
1
2
(ηαγkγ′′ − ηαγ′′kγ)kγ′ .
As one can see all divergences are equal to zero
kαHαγγ′γ′′ (k) = kγHαγγ′γ′′ (k) = kγ′Hαγγ′γ′′ (k) = kγ′′Hαγγ′γ′′ (k) = 0. (61)
This result means that the quadratic part of the full Lagrangian L = L1 + L2 + L′2 is
invariant under the following local gauge transformations
δ˜ηA
a
µ = ∂µη
a + ...
(II) δ˜ηA
a
µν = ∂νη
a
µ + ..., (62)
δ˜ηA
a
µνλ = ∂νη
a
µλ + ∂λη
a
µν + ...
........ . ......................................,
in addition to the initial local gauge transformations (3)
δξA
a
µ = ∂µξ
a + ...
(I) δξA
a
µν = ∂µξ
a
ν + ...
δξA
a
µνλ = ∂µξ
a
νλ + .... (63)
It is important to known how the transformation (62) looks like when the gauge cou-
pling constant is not equal to zero. The existence of the full transformation is guaranteed
by the conservation of the corresponding currents (41), (42) and (43). At the moment
we can only guess the full form of the second local gauge transformation requiring the
closure of the corresponding algebra. The extension we have found has the form [2]:
δ˜ηA
a
µ = (δ
ab∂µ + gf
acbAcµ)η
b,
(II) δ˜ηA
a
µν = (δ
ab∂ν + gf
acbAcν)η
b
µ + gf
acbAcµνη
b, (64)
δ˜ηA
a
µνλ = (δ
ab∂ν + gf
acbAcν)η
b
µλ + (δ
ab∂λ + gf
acbAcλ)η
b
µν
+ gfacb(Acµνη
b
λ + A
c
µλη
b
ν + A
c
µνλη
b)
........ . ......................................,
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and forms a closed algebraic structure. The composition law of the gauge parameters
{η, ην, ηνλ, ...} is the same as in (7).
5 Interaction Vertices
We are interested now to analyze the interaction properties of the tensor gauge bosons
prescribed by the gauge principle. The interaction of the Yang-Mills vector bosons with
the charged tensor gauge bosons is described by the Lagrangian (36) L = L1+L2+L′2. Let
us first consider three-particle interaction vertices - VTT. Explicitly three-linear terms of
the Lagrangian L2 have the form:
Lcubic2 = −
1
2
gfabc(∂µA
a
νλ − ∂νAaµλ) (AbµAcνλ + AbµλAcν)
− 1
4
gfabc(∂µA
a
ν − ∂νAaµ) 2AbµλAcνλ, (65)
and in addition to the standard Yang-Mills VVV three vector boson interaction vertex
Lcubic1 = −
1
2
gfabc(∂µA
a
ν − ∂νAaµ)AbµAcν ,
which in the momentum representation has the form
Vabcαβγ(k, p, q) = −igfabc[ηαβ(p−k)γ+ηαγ(k−q)β+ηβγ(q−p)α] = −igfabcFαβγ(k, p, q), (66)
we have a new three-particle interaction vertex of one vector boson and two tensor gauge
bosons - VTT. In momentum space it has the form
Vabcαα´βγγ´(k, p, q) = −3igfabc[ηαβ(p− k)γ + ηαγ(k − q)β + ηβγ(q − p)α]ηα´γ´ . (67)
Notice that two parts in (65), which came from different terms of the Lagrangian L2,
combine into the VVV vertex and the tensor 3ηα´γ´. It is convenient to represent the
vertex in the form
Vabcαα´βγγ´(k, p, q) = −3igfabcFαα´βγγ´(k, p, q). (68)
We have also a three-particle interaction vertex VTT of one vector boson and two tensor
gauge bosons in the second Lagrangian L′2. Explicitly the three-linear terms of Lagrangian
L′2 have the form:
L′ cubic2 =
1
2
gfabc(∂µA
a
νλ − ∂νAaµλ) (AbµAcλν + AbµνAcλ)
+
1
2
gfabc(∂µA
a
νν − ∂νAaµν) (AbµAcλλ + AbµλAcλ)
+
1
2
gfabc(∂µA
a
ν − ∂νAaµ) (AbµνAcλλ + AbµλAcλν), (69)
so that in the momentum space we have
V ′abcαα´βγγ´(k, p, q) =
3
2
igfabcF
′
αα´βγγ´(k, p, q)
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F
′
αα´βγγ´(k, p, q) = (p− k)γ(ηαγ´ηα´β + ηαα´ηβγ´)
+ (k − q)β(ηαγ´ηα´γ + ηαα´ηγγ´)
+ (q − p)α(ηα´γηβγ´ + ηα´βηγγ´)
+ (p− k)α´ηαβηγγ´ + (p− k)γ´ηαβηα´γ
+ (k − q)α´ηαγηβγ´ + (k − q)γ´ηαγηα´β
+ (q − p)α´ηβγηαγ´ + (q − p)γ´ηαα´ηβγ . (70)
Collecting two terms of the three-point vertex VTT together we shall get
V tot abcαα´βγγ´ (k, p, q) = Vabcαα´βγγ´(k, p, q) + V
′abc
αα´βγγ´(k, p, q). (71)
Let us consider now four-particle interaction terms of the Lagrangian L1 + L2 + L′2.
We have the standard four vector boson interaction vertex VVVV
Vabcdαβγδ(k, p, q, r) = −g2f lacf lbd(ηαβηγδ − ηαδηβγ)
−g2f ladf lbc(ηαβηγδ − ηαγηβδ)
−g2f labf lcd(ηαγηβδ − ηαδηβγ) (72)
and a new interaction of two vector and two tensor gauge bosons - the VVTT vertex,
Lquartic2 = −
1
4
g2fabcfab´c´(AbµA
c
νλ + A
b
µλA
c
ν)(A
b´
µA
c´
νλ + A
b´
µλA
c´
ν)
− 1
2
g2fabcfab´c´AbµA
c
νA
b´
µλA
c´
νλ, (73)
which in the momentum space will take the form
Vabcd
αβγγ´δδ´
(k, p, q, r) = − 6g2f lacf lbd(ηαβηγδ − ηαδηβγ)ηγ´δ´
− 6g2f ladf lbc(ηαβηγδ − ηαγηβδ)ηγ´δ´
− 6g2f labf lcd(ηαγηβδ − ηαδηβγ)ηγ´δ´. (74)
The second part of the vertex VVTT comes from the Lagrangian L′2:
L′quartic2 = +
1
4
g2fabcfab´c´(AbµA
c
νλ + A
b
µλA
c
ν)(A
b´
µA
c´
λν + A
b´
µνA
c´
λ)
+
1
4
g2fabcfab´c´(AbµA
c
νν + A
b
µνA
c
ν)(A
b´
µA
c´
λλ + A
b´
µλA
c´
λ)
+
1
2
g2fabcfab´c´AbµA
c
ν(A
b´
µνA
c´
λλ + A
b´
µλA
c´
λν), (75)
which in the momentum representation will take the form
V ′ abcd
αβγγ´δδ´
(k, p, q, r) = 3g2f lacf lbd[ + ηαβ(ηγδ´ηγ´δ + ηγγ´ηδδ´)
− ηβγ(ηαδ´ηγ´δ + ηαγ´ηδδ´)
− ηαδ(ηβγ´ηγδ´ + ηβδ´ηγγ´)
+ ηγδ(ηαδ´ηβγ´ + ηαγ´ηβδ´)]
3g2f ladf lbc[ + ηαβ(ηγδ´ηγ´δ + ηγγ´ηδδ´)
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− ηαγ(ηβδ´ηγ´δ + ηβγ´ηδδ´)
− ηβδ(ηαγ´ηγδ´ + ηαδ´ηγγ´)
+ ηγδ(ηαγ´ηβδ´ + ηαδ´ηβγ´)]
3g2f labf lcd[ + ηαγ(ηβγ´ηδδ´ + ηβδ´ηδγ´)
− ηβγ(ηαγ´ηδδ´ + ηαδ´ηδγ´)
− ηαδ(ηβδ´ηγγ´ + ηβγ´ηγδ´)
+ ηβδ(ηαδ´ηγγ´ + ηαγ´ηγδ´)]. (76)
The total vertex is
V tot abcdαβγδ (k, p, q, r) = Vabcdαβγδ(k, p, q, r) + V
′ abcd
αβγδ (k, p, q, r). (77)
6 Third-Rank Tensor Gauge Fields
The Lagrangian L1 + L2 + L′2 contains the third-rank gauge fields Aaµνλ, but without the
corresponding kinetic term. In order to make the fields Aaµνλ dynamical we have added the
corresponding Lagrangian L3 presented at the second line of the formula (14). But again
the Lagrangian L3 is not the most general invariant which can be constructed from the
corresponding field strength tensors. There are seven Lorentz invariant quadratic forms
which form the second invariant Lagrangian L′3 so that at this level the total Lagrangian
is a sum
L = L1 + L2 + L′2 + L3 + L
′
3 + ...
Indeed, the Lagrangian L3 has the form (14):
L3 = −1
4
Gaµν,λρG
a
µν,λρ −
1
8
Gaµν,λλG
a
µν,ρρ −
1
2
Gaµν,λG
a
µν,λρρ −
1
8
GaµνG
a
µν,λλρρ , (78)
where the field strength tensors (9) are
Gaµν,λρσ = ∂µA
a
νλρσ − ∂νAaµλρσ + gfabc{ Abµ Acνλρσ + Abµλ Acνρσ + Abµρ Acνλσ + Abµσ Acνλρ +
+Abµλρ A
c
νσ + A
b
µλσ A
c
νρ + A
b
µρσ A
c
νλ + A
b
µλρσ A
c
ν }
and
Gaµν,λρσδ = ∂µA
a
νλρσδ − ∂νAaµλρσδ + gfabc{ Abµ Acνλρσδ +
∑
λ↔ρ,σ,δ
Abµλ A
c
νρσδ +
+
∑
λ,ρ↔σ,δ
Abµλρ A
c
νσδ +
∑
λ,ρ,σ↔δ
Abµλρσ A
c
νδ + A
b
µλρσδ A
c
ν }.
The terms in parenthesis are symmetric over λρσ and λρσδ respectively. The Lagrangian
L3 is invariant with respect to the extended gauge transformations (3) of the low-rank
gauge fields Aµ, Aµν , Aµνλ and of the fourth-rank gauge field (5)
δξAµνλρ = ∂µξνλρ − ig[Aµ, ξνλρ]− ig[Aµν , ξλρ]− ig[Aµλ, ξνρ]− ig[Aµρ, ξνλ]−
−ig[Aµνλ, ξρ]− ig[Aµνρ, ξλ]− ig[Aµλρ, ξν ]− ig[Aµνλρ, ξ]
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and also of the fifth-rank tensor gauge field (5)
δξAµνλρσ = ∂µξνλρσ − ig[Aµ, ξνλρσ]− ig
∑
ν↔λρσ
[Aµν , ξλρσ]−
−ig ∑
νλ↔ρσ
[Aµνλ, ξρσ]− ig
∑
νλρ↔σ
[Aµνλρ, ξσ]− ig[Aµνλρ, ξ],
where the gauge parameters ξνλρ and ξνλρσ are totally symmetric rank-3 and rank-4 ten-
sors. The extended gauge transformation of the higher-rank tensor gauge fields induces
the gauge transformation of the fields strengths of the form (11)
δGaµν,λρσ = gf
abc( Gbµν,λρσ ξ
c +Gbµν,λρ ξ
c
σ +G
b
µν,λσ ξ
c
ρ +G
b
µν,ρσ ξ
c
λ +
+Gbµν,λ ξ
c
ρσ +G
b
µν,ρ ξ
c
λσ +G
b
µν,σ ξ
c
λρ +G
b
µν ξ
c
λρσ )
and
δGaµν,λρσδ = gf
abc( Gbµν,λρσδ ξ
c +
∑
λρ,σ↔δ
Gbµν,λρσ ξ
c
δ +
+
∑
λρ↔σ,δ
Gbµν,λρ ξ
c
σδ +
∑
λ↔ρ,σ,δ
Gbµν,λ ξ
c
ρσδ +G
b
µν ξ
c
λρσδ).
Using the above homogeneous transformations for the field strength tensors one can
demonstrate the invariance of the Lagrangian L3 with respect to the extended gauge
transformations (10), (79) and (79) (see reference [3] for details).
Our purpose now is to present a second invariant Lagrangian which can be constructed
in terms of the above field strength tensors. Let us consider the following seven Lorentz
invariant quadratic forms which can be constructed by the corresponding field strength
tensors
Gaµν,λρG
a
µλ,νρ, G
a
µν,νλG
a
µρ,ρλ, G
a
µν,νλG
a
µλ,ρρ, G
a
µν,λG
a
µλ,νρρ,
Gaµν,λG
a
µρ,νλρ, G
a
µν,νG
a
µλ,λρρ, G
a
µνG
a
µλ,νλρρ. (79)
Calculating the variation of each of these terms with respect to the gauge transformation
(10), (79) and (79) one can get convinced that the particular linear combination
L′3 =
1
4
Gaµν,λρG
a
µλ,νρ +
1
4
Gaµν,νλG
a
µρ,ρλ +
1
4
Gaµν,νλG
a
µλ,ρρ
+
1
4
Gaµν,λG
a
µλ,νρρ +
1
2
Gaµν,λG
a
µρ,νλρ +
1
4
Gaµν,νG
a
µλ,λρρ +
1
4
GaµνG
a
µλ,νλρρ (80)
forms an invariant Lagrangian. Indeed, the variation of the first term is
δξG
a
µν,λρG
a
µλ,νρ = 2gf
abcGaµν,λρG
b
µλ,νξ
c
ρ + 2gf
abcGaµν,λρG
b
µλ,ρξ
c
ν + 2gf
abcGaµν,λρG
b
µλξ
c
νρ,
of the second term is
δξG
a
µν,νλG
a
µρ,ρλ = 2gf
abcGaµν,νλG
b
µρ,ρξ
c
λ + 2gf
abcGaµν,νλG
b
µρ,λξ
c
ρ + 2gf
abcGaµν,νλG
b
µρξ
c
ρλ,
of the third term is
δξG
a
µν,νλG
a
µλ,ρρ = 2gf
abcGaµν,νλG
b
µλ,ρξ
c
ρ + gf
abcGaµν,νλG
b
µλξ
c
ρρ + gf
abcGaµλ,ρρG
b
µν,νξ
c
λ +
+gfabcGaµλ,ρρG
b
µν,λξ
c
ν + gf
abcGaµλ,ρρG
b
µνξ
c
νλ,
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of the forth term is
δξG
a
µν,λG
a
µλ,νρρ = gf
abcGaµλ,νρρG
b
µνξ
c
λ + 2gf
abcGaµλ,νρG
b
µν,λξ
c
ρ + gf
abcGaµλ,ρρG
b
µν,λξ
c
ν +
+gfabcGaµν,λG
b
µλ,νξ
c
ρρ + 2gf
abcGaµν,λG
b
µλ,ρξ
c
νρ + gf
abcGaµν,λG
b
µλξ
c
νρρ,
of the fifth term is
δξG
a
µν,λG
a
µρ,νλρ =
gfabcGaµρ,νλρG
b
µνξ
c
λ + gf
abcGbµρ,νλG
a
µν,λξ
c
ρ + gf
abcGbµρ,νρG
a
µν,λξ
c
λ + gf
abcGbµρ,λρG
a
µν,λξ
c
ν +
+gfabcGaµν,λG
b
µρ,νξ
c
λρ + gf
abcGaµν,λG
b
µρ,λξ
c
νρ + gf
abcGaµν,λG
b
µρ,ρξ
c
νλ + gf
abcGaµν,λG
b
µρξ
c
νλρ,
of the sixth term is
δξG
a
µν,νG
a
µλ,λρρ =
gfabcGaµλ,λρρG
b
µνξ
c
ν + 2gf
abcGbµλ,λρG
a
µν,νξ
c
ρ + gf
abcGbµλ,ρρG
a
µν,νξ
c
λ + gf
abcGbµλ,λG
a
µν,νξ
c
ρρ +
+2gfabcGbµλ,ρG
a
µν,νξ
c
λρ + gf
abcGaµν,νG
b
µλξ
c
λρρ
and finally of the seventh term is
δξG
a
µ,νG
a
µλ,νλρρ =
2gfabcGaµνG
b
µλ,νλρξ
c
ρ + gf
abcGaµνG
b
µλ,νρρξ
c
λ + gf
abcGaµνG
b
µλ,λρρξ
c
ν + gf
abcGaµνG
b
µλ,νλξ
c
ρρ +
2gfabcGaµνG
b
µλ,νρξ
c
λρ + 2gf
abcGaµνG
b
µλ,λρξ
c
νρ + gf
abcGaµνG
b
µλ,ρρξ
c
νλ +
gfabcGaµνG
b
µλ,νξ
c
λρρ + gf
abcGaµνG
b
µλ,λξ
c
νρρ + 2gf
abcGaµνG
b
µλ,ρξ
c
νλρ + gf
abcGaµνG
b
µλξ
c
νλρρ.
Some of the terms here are equal to zero, like: gfabcGaµν,λG
b
µρ,λξ
c
νρ, gf
abcGaµλ,λG
b
µν,νξ
c
ρρ and
gfabcGaµνG
b
µλξ
c
νλρρ. Amazingly all nonzero terms cancel each other.
In summary, we have the following Lagrangian for the third-rank gauge field Aaµνλ:
L3 + cL′3 = −
1
4
Gaµν,λρG
a
µν,λρ −
1
8
Gaµν,λλG
a
µν,ρρ −
1
2
Gaµν,λG
a
µν,λρρ −
1
8
GaµνG
a
µν,λλρρ +
+
c
4
Gaµν,λρG
a
µλ,νρ +
c
4
Gaµν,νλG
a
µρ,ρλ +
c
4
Gaµν,νλG
a
µλ,ρρ + (81)
+
c
4
Gaµν,λG
a
µλ,νρρ +
c
2
Gaµν,λG
a
µρ,νλρ +
c
4
Gaµν,νG
a
µλ,λρρ +
c
4
GaµνG
a
µλ,νλρρ,
where c is an arbitrary constant. As one can now convinced this Lagrangian coincide with
the Lagrangian (25) when s=2.
In summary at every ”level” s we have two invariant quadratic forms, they represent a
general Lagrangian at level s. The total Lagrangian is a linear sum of the two Lagrangians
Ls + c L′s which are given by formulas (12) and (25).
7 Conclusion
The transformations considered in the previous sections enlarge the original algebra of
Abelian local gauge transformations found in [5] (expression (64) in [5]) to a non-Abelian
case and unify into one multiplet particles with arbitrary spins and with linearly growing
multiplicity. As we have seen, this leads to a natural generalization of the Yang-Mills
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theory. The extended non-Abelian gauge transformations defined for the tensor gauge
fields led to the construction of the appropriate field strength tensors and of the invariant
Lagrangians. The proposed extension may lead to a natural inclusion of the standard
theory of fundamental forces into a larger theory in which standard particles (vector
gauge bosons, leptons and quarks) represent a low-spin subgroup of an enlarged family of
particles with higher spins.
As an example of an extended gauge field theory with infinite many gauge fields, this
theory can be associated with the field theory of the tensionless strings, because in our
generalization of the non-Abelian Yang-Mills theory we essentially used the symmetry
group which appears as symmetry of the ground state wave function of the tensionless
strings [5, 4, 6]. Nevertheless I do not know how to derive it directly from tensionless
strings, therefore one can not claim that they are indeed identical. The main reason
is that the above construction, which is purely field-theoretical, has a great advantage
of being well defined on and off the mass-shell, while the string-theoretical constructions
have not been yet developed to the same level, because the corresponding vertex operators
are well defined only on the mass-shell [6]. The tensor gauge field theory could probably
be a genuine tensionless string field theory because of the common symmetry group, and
it would be useful to understand, whether the string theory can fully reproduce this
result. Discussion of the tensionless strings and related questions can also be found in
[37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57].
I would like to thank Ludwig Faddeev for stimulating discussions and his suggestion
to consider the proposed extension of the gauge group as an example of extended current
algebra in analogy with the Kac-Moody current algebra. My thanks are also to Ioannis
Bakas and Thordur Jonsson for helpful discussions. This work was partially supported
by the EEC Grant no. MRTN-CT-2004-005616.
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